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The problem of steady, laminar mixed convection heat and mass transfer past a semi-infinite vertical
plate in the presence of Hall current has been studied. The governing partial differential equations
describing the problem are transformed to a system of non-linear ordinary differential equations with
appropriate boundary conditions using Lie’s method of infinitesimal transformation groups. The non-
linear ordinary differential equations are solved numerically using Chebyshev spectral method. The
effects of various parameters on the velocity profiles, temperature and concentration profiles are
presented and discussed. This work is an extension and correction for the paper by Megahed et al. [1],
published in International Journal of Non-Linear Mechanics 38 (2003) 513-520.
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1. Introduction

In recent years, several studies dealing with forced convection,
free convection and mixed convection flow with simultaneous
heat and mass transfer because of its natural processes, engineer-
ing and geophysical applications such as evaporation from a body
of water with or without wind, the chemical vapor deposition of
solid layers and the cooling of an air stream by evaporation,
geothermal reservoirs, thermal insulation, cooling of nuclear
reactors and underground energy transport.

Free convection flow occurs frequently in nature, it occurs not
only due to temperature difference, but also due to concentration
difference or combination of these two. Forced convection is a
mechanism, or type of heat transport in which fluid motion is
generated by an external source, the combined mode of free and
forced convection is commonly called as mixed convection. Many
authors have investigated the problems of the influence of free/
mixed convection on a heat and mass transfer flow over a flat
plate under different conditions [2-7].

In all the above investigations the electrical conductivity of the
fluid was assumed to be uniform and low magnetic field intensity.
In ionized gases the electric current is generally carried by

DOI of original article: 10.1016/S0020-7462(01)00077-4
* Corresponding author.
E-mail address: abeer_elfeshawey@yahoo.com (A.S. Elfeshawey).

0020-7462/$ - see front matter © 2011 Published by Elsevier Ltd.
doi:10.1016/j.ijnonlinmec.2011.11.003

electrons which undergo successive collisions with other charged
or neutral particles and the current is not proportional to the
applied potential except when the electric field is very weak.
However, in the presence of strong electric field, the electrical
conductivity is affected by the magnetic field. Consequently, the
conductivity parallel to the electric field is reduced due to the
gyration and drift of charged particles. Hence the current is
reduced in the direction normal to both electric and magnetic
fields. This phenomenon is known as the Hall effect, which can be
taken into account within the range of MHD approximations. The
study of magnetohydrodynamic flows with Hall currents has
important engineering applications in problems of magnetohy-
drodynamic generators and of Hall accelerators, flight magneto-
hydrodynamics, also it has important applications in many
astrophysical situations as well as in Laboratory plasma [8-12].

On the other hand, it is well known that the Lie group method
which discovered by the Norwegian mathematician Sophus Lie
[13] at the beginning of the nineteenth century has played a vital
role in the investigations of different mathematical aspects of
solution systems governed by continuous equations during the
past few decades. The primary objective of the Lie group method
advanced by Sophus Lie is to fined one- or several-parameter local
continuous transformation leaving the equations invariant and
then exploit them to obtain the so called invariant similarity
solutions, invariants, integrals of motion, etc. [14-19]. Applica-
tions of Lie group analysis for steady or unsteady two-dimen-
sional problems may be found in Refs. [19-24].

Please cite this article as: [.A. Hassanien, et al., (2011), doi:10.1016/j.ijjnonlinmec.2011.11.003



www.elsevier.com/locate/nlm
www.elsevier.com/locate/nlm
dx.doi.org/10.1016/j.ijnonlinmec.2011.11.003
dx.doi.org/10.1016/S0020-7462(01)00077-4
mailto:abeer_elfeshawey@yahoo.com
dx.doi.org/10.1016/j.ijnonlinmec.2011.11.003
dx.doi.org/10.1155/2010/264901

2 LA. Hassanien et al. / International Journal of Non-Linear Mechanics 1 (iin) sng-um

Nomenclature

magnetic induction vector
imposed magnetic field

species concentration

specific heat at constant pressure
diffusion coefficient

electric charge

electric field vector

acceleration due to gravity

modified Grashof number = gf*CoL3/1?
Grashof number = gfTL3/v2
magnetic field vector

electric current density vector
thermal conductivity

dimensionless length

Hall parameter = oBy/e n.

magnetic parameter = aBﬁ/onC
relative buoyancy parameter = Gr/Gc
number density of electrons

fluid pressure

Prandtl number = pvC,/k

Reynolds number

Schmidt number =v/D

YFITFZIITAUTIOQum Y DO 0P |

1,12 constants

T temperature

Uy free stream velocity
4 .

Vv velocity vector

(u,v,w)
(*.y,2)

velocity component along (x,y,z)-axis
Cartesian coordinates

Greek symbols

p volumetric expansion coefficient for heat transfer
I's volumetric expansion coefficient for mass transfer
n similarity variable

0 dimensionless temperature

® dimensionless concentration

e magnetic permeability

\J kinematic viscosity

p density

g electric conductivity

v free stream function

A buoyancy or mixed convection parameter = Gr/Re?
Subscripts

w wall condition

00 free stream condition

0 constant condition

Superscripts

! differentiation with respect to

Megahed et al. [1] obtained the similarity solutions for the
effects of Hall current on a steady free convection flow and mass
transfer past a semi-infinite vertical plate in a viscous incom-
pressible electrically conducting fluid using a scaling group of
transformations. Unfortunately, there are some errors founded in
this paper. The main objective of this work is to extend and
improve the work of Megahed et al. [1] taken into account the
errors mentioned above, with considering the presence of free
stream velocity, variable wall temperature and variable wall
concentration. All errors have been stated in Section 3 in details.
We apply the symmetry group method to reduce the system of
PDEs governing two-dimensional steady, laminar, hydromagnetic
mixed convection flow of mass transfer of an incompressible,
viscous and electrically conducting fluid past a semi-infinite
vertical flat plate to non-linear ODEs. The reduced non-linear
ODEs solved numerically using Chebyshev spectral method for
various parameters.

2. Mathematical analysis

Consider a steady, two-dimensional, laminar flow, heat and
mass transfer of an incompressible, viscous and electrically
conducting fluid past a semi-infinite vertical flat plate. The X-axis
is taken along the direction of motion, the Y-axis is taken normal
to the surface and Z-axis is transverse to the XY-plane (see Fig. 1).

It is assumed that a non-uniform magnetic field B is applied in
the Y-direction, it is also assumed that the surface temperature
taken as a function of the distance T,,(x/L), while the ambient fluid
has a uniform temperature T,,, where Ty(x/L) > T, corresponds to
a heated plate and T,,(x/L) < T, corresponds to a cooled plate.

In studying the Hall effect, the magnetic Reynolds number of
the flow is taken to be small enough so that the induced magnetic
field can be neglected in comparison with an applied field. The

fundamental equations with generalized Ohm’s law and Max-
well’s equations under the assumption that the fluid is non-
magnetic, neglecting the ion slip, thermoelectric effect as well as
viscous and electrical dissipation together with the short circuit
condition have the form

V.V =0, M
V.VW = —%VP+ VW2V 4 gB(T—To)+gB*(C—Coo)+ %?‘ < B,
)
~ k 2
V.= (S \V2T, 3
() >
(V. .V)C=DVZC, 4
X
7—8//; l u=U,
| g
- —- El “J{; T’,
.y
0
z

Fig. 1. Physical model and coordinates.
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=0|E+Vx B——]j x ) )]
ene
R
V.BE =0, (6a)
VxH=7, (6b)
V x E =0, (6¢)

where B = (0,By(x/L),0). To simplify the problem, we assume that
there is no variation of flow or heat and mass transfer quantities
in Z-direction, the equation of conservation of electric charge

V.7 =0 gives j,=constant, where 7 = (jxdyaJz)- It is also assumed
that the plate is non-conducting. This implies j, =0 at the plate
and hence zero everywhere. In the absence of an externally
applied electric field and with negligible effects of polarization
of the ionized gas, we also assume that E=0. Under the above
assumptions and usual Boussinesq’s approximation, the boundary
layer equations of mass, momentum, energy and species concen-
tration for the present model can be written as

oy "

u—+v——v—+gﬁ(T Too)+8F*(C—Cx)

__aBy*
p(1 ) Um0 ®
ow ow_ Pw_ o(B)’
u x +U@ vﬁyiz - m(wfm(ufuoo))' C))
2
W or_ kot (10)

ox oy pCpoy?’

oC oC &*C
U&+ ay—Day—z. an

subject to the boundary conditions

=t teni()

y=0:u=v=w=0, T(L I

€00 =Cu—Cou =Co ] )rz, (12a)

yooo:u=Ux, w=0, T=Tsn, C=Cs, (12b)

we notice that for To > 0 the plate is heated and for Tg <O the
plate is cooled. Here we introduce the non-dimensional variables

g X oY (Usk)? g u v (Usly
= YT\ ) YT Yo \v )

W—i 0— T-T, S ™

= Uy = —To y = Co
also we define \ as: u = oy /oy, v = —oy /ox, then Eqs. (7)-(12) will
have the form (dropping the bar mark for convenience)

13)

B 2
lpylpxy_l//xlpyy_l//yyy_/l(e+N(p)"' %(dﬁ/"’mw_]):ov (14)
B 2
=y~ (-, ~1) =0, as)
1
Wy Ox—t by — 5Oy =0, (16)
1
lpy(prlpxq)yfgq)yy =0, 17

with the boundary conditions

y=0:¢,=ty=w=0, 0=x", @=x7, (18a)

yaoo:l//y=1, w=0=¢=0, (18b)

where A = Gr/Re? is the mixed convection parameter, N = Gr/Gc is
the Relative buoyancy parameter, Pr=pvC,/k is the Prandtl
number, Sc=v/D is the Schmidt number, o is the electric
conductivity, p is the density and m is the Hall parameter. In
next section, we will display the errors which have been founded
in Megahed et al. [1]

3. Remarks

In this section, it should have been indicated to all the errors
which have been founded in Megahed et al. [1], before applying
the group of transformation.

First, authors defined U, as a free stream velocity although,
they solved a problem of free convection flow (U,, = 0), then the
dimensionless quantities defined in (Eq. (19) in their paper)

o XU yU _ u — v . w
X=o Y= =g Yo Yo
T-To C—Co
QZTW—TOO‘ T Cw—Cw (19)

therefore some of previous quantities will vanish and other will
tend to infinity.

Second, for free convection problem authors used scaling group
of transformation (Eq. (26) in their paper)

X =%, y*=I1%, u*=i%u, v*=1%, w'=/,%w
0* =250, @*=.¢, (20)

*_

authors substitute from this transformation into the basic equa-
tions, they get (Eq. (32) in their paper)

C2=C1, (3=C4=C5=-C1, Cg=C7=—3Cq, 21

they obtained the similarity variable and similarity functions (Eq.
(34) in their paper) as

N 1C/) R 1 S 10/}
X X X X
F F

= 7‘;(3’7), ®= 72(3’1)_ 22)

but they ignored to satisfy from the transformation into the
boundary conditions. Satisfying in the boundary conditions (Eq.
(25a) in their paper), we find

%=1, @*) 7 =1, (23)
only one solution is obtained from Eq. (23), that is
cg=c7=0, (24)

which leads to ¢; =0, and then the similarity variable and the
similarity functions defined in (Eq. (34) in their paper) are
incorrect.

Third, however, substituting from Eq. (22) into the boundary
conditions (Eq. (25a) in their paper), we obtain

n=0:F4=x3 Fs=x3, (25)

thus, Eq. (40a) in their paper is incorrect. All these errors
inevitably lead to wrong results.

Fourth, as well as it is known in boundary layer theory that
velocity, temperature and concentration profiles approach
the ambient fluid conditions asymptotically [25]. It is shown in
Figs. 2-9 (in their paper) that all velocities, temperature and
concentration profiles do not approach the horizontal axis asymp-
totically and intersect it.
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Fig. 2. Velocity distribution for various values of m with M=0.5, Pr=0.72,

Sc=0.22, A=0.5, N=1.
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Fig. 3. Cross-velocity distribution for various values of m with M=0.5, Pr=0.72,
Sc=0.22, =0.5, N=1.
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Fig. 4. Temperature distribution for various values of m with M=0.5, Pr=0.72,
Sc=0.22, A=0.5, N=1.
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Fig. 5. Velocity distribution for various values of M with m=0.1, Pr=0.72,
Sc=0.22, =0.3, N=0.1.
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Fig. 6. Cross-velocity distribution for various values of M with m=0.1, Pr=0.72,
Sc=0.22, 2=0.3, N=0.1.

1.2

0.8
M=6,4,2

= 0.6
0.4

0.2

n

Fig. 7. Temperature distribution for various values of M with m=0.1, Pr=0.72,
Sc=0.22, A=0.3, N=0.1.

Fig. 8. Mass distribution for various values of M with m=0.1, Pr=0.72, Sc=0.22,
A=03,N=0.1.
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Fig. 9. Cross-velocity distribution for various values of A with m=1, M=10,
Pr=0.72, Sc=0.22, N=0.5.
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4. Symmetry reductions

In order to determine a similarity solution for Eqs. (14)-(17),
we seek a one parameter Lie group of transformation

X =x+¢l,+0(?),
y=y+ely+0(),
U =y +en, +0@),
W =w+en, +0(&),
0 = 0+eny+0(e?),
¢ =@ +en,+0@E),

B =B+eny+0(£%), (26)

where ¢ is a small parameter and y, {y, 1y, 1w, Ny, N1y and 7 are
infinitesimal element of the group. We search for functions
Cor Gy Mys M Mg» Mg @nd g such that the system of Egs.
(14)-(17) is invariant under the transformation (26) up to first
order in ¢. Following the usual procedure outlined in [13-18], the
invariance of the system (14)-(17) under the infinitesimal group
of transformations (26) yields the following forms of the infini-
tesimals

{x=-2c1x+cq, {y=—Cry+f1x), n,=ca—c1y,
N 1
Mw=0, Mg=2010+F—5C3 Ny =200 53, Mg, =C1By
27)
where ¢y, ¢, c3 and ¢4 are constants. The invariance of the

boundary conditions (18) under the transformation (26) gives

that
fix)=c3=c3=0=c4=0, ri=rp=-1. (28)

Similarity reduction solutions can be obtained from the charac-
teristic equation

dx _dy dy dw _dO _do _dBy

Ty Ty~ 0 20 20 B, 29)
then the similarity transformations of this group are
Y - _ _ Rap
17_ \/}z' l//_‘/}F(r’)v W_G(n)v 9— X ’
H(@) B, — By (30)

q):xv y \/)*('

Substituting (30) into Eqs. (14)-(18), we finally obtain a system of
non-linear ordinary differential equations

17 1 7" M " _
F +§FF +).(R+N/H)—m(F +mG-1)=0, (31)
/! 1 4 M 4 _
G +§GF—m(G—mF +m)=0, 32)
1 +RF + Ter—o (33)
Pr 2 7
lH”+HF’+ 1FH’ =0 (34)
Sc 2 7

with appropriate boundary conditions

n=0:F=F=0, G=0, H=R=1, (35a)

N—ooo:F =1, G=R=H=0. (35b)

5. Results and discussion

The non-linear ordinary differential Eqgs. (31)-(34) with
boundary conditions (35) solved numerically by using Chebyshev
method [26]. In order to get physical insight into the problem, the
velocities fields F'(17), —G(1), temperature R(#) and concentration
field H(n) have been discussed by assigning numerical values of
Hall parameter m, magnetic field parameter M, buoyancy para-
meter A, rational parameter N and Schmidt number Sc. The
computational work has been carried out by taking the Prandtl
number Pr equals 0.72 which represents air at 20 °C and one
atmospheric pressure. We choose different values of Schmidt
number describing various gases like hydrogen (Sc = 0.22), helium
(Sc=0.30), water vapor (Sc=0.60), oxygen (Sc=0.66), and
ammonia (Sc=0.78). The values of buoyancy parameter /,
rational parameter N are taken to be (4 > 0), (N > 0) correspond-
ing to a assisting flow (heated plate). The numerical results
obtained are illustrated in Figs. 2-14, the numerical values of the
physical parameters m, M, A, N, Sc are listed in the figure labels.

The effects of Hall parameter m on the axial velocity F, cross-
velocity —G(#) and temperature profiles are illustrated Figs. 2-4.
It is evident that the effect of increasing m is to decrease the axial
velocity F' and the cross-velocity —G(#) while it increases the
temperature field.

Figs. 5-8 show the velocities, temperature and concentration
profiles in the boundary layer for various values of the magnetic
parameter M. Fig. 5 depicts that, increase in the value of magnetic
parameter, M, leads to an increase in the velocity profile within
the boundary layer, and the thickness of boundary layer increases
with decrease in the value of M. This is because Lorentz force
arising due to magnetic field acts as an accelerating force in

0.005
0.004

(.‘7 0.003

0.002
N=0,0.2,0.6,08,1

0.001

Fig. 10. Cross-velocity distribution for various values of N with m=0.1, M=0.1,
Pr=0.72, Sc=0.22, 1=0.01.
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075 N=0,0.2,0.6,0.8, 1

0.5

0.25
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n

Fig. 11. Temperature distribution for various values of N with m=0.1, M=0.1,
Pr=0.72, Sc=0.22, A=0.01.
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Fig. 12. Cross-velocity distribution for various values of Sc with m=0.1, M=0.1,
Pr=0.72, A=0.04, N=1.

Sc =0.78, 0.66, 0.6, 0.3, 0.22

Fig. 13. Temperature distribution for various values of Sc with m=0.1, M=0.1,
Pr=0.72, .=0.04, N=1.
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1.2 Sc =22,0.3, 0.6, 0.66, 0.78

1
z 038
0.6
0.4
0.2
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n

Fig. 14. Mass distribution for various values of Sc with m=0.1, M=0.1, Pr=0.72,
42=0.04, N=1.

reducing frictional resistance which results in higher values of
velocity profiles. From Fig. 6 one observes that increase in the
value of magnetic parameter, M, leads to an increase in the cross
velocity —G near the surface and the reverse is true far away from
the surface. Fig. 7 displays the variation of temperature profiles
for various values of magnetic parameter M, from this figure it is
evident that the temperature profile decreases at a faster rate for
all values of magnetic parameter M within the boundary layer,
this is due to the fact that the applied magnetic field produces a
body force which is responsible for reducing the temperature in
the boundary layer. This shows the fact that the rate of cooling is
faster for large values of M. Fig. 8 shows that the mass concentra-
tion is decreasing with increasing M.

In the case of fixed values for Hall parameter, magnetic
parameter and Schmidt number, it is observed that the increase
of mixed convection parameter accelerates the fluid motion in the
normal direction which are vivid through Fig. 9.

Figs. 10 and 11 describe the effect of the rational parameter N
on the cross velocity —G and the temperature distribution. These
figures indicate that the cross-velocity and the temperature
decreases as N increases.

Figs. 12-14 present the behavior of the cross-velocity, tem-
perature and concentration profiles for the variation of Schmidt
number Sc. It is notice that the velocity —G(#) increases and the
temperature decreases R as the Schmidt number decreases. From
Fig. 14 it seen that the effect of decreasing the Schmidt number Sc
is to decrease the concentration H greatly near the plate whereas
the situation is reversed far away from the plat, i.e., the decrease
in the values of Sc increase the concentration as one moves out
toward the boundary layer.

6. Conclusion

The problem of a steady, laminar, hydromagnetic heat and
mass transfer along a non-isothermal vertical plate taken in the
presence of the Hall effect was studied. The Lie symmetry analysis
has been applied on the governing system of partial differential
equations which has transformed to a system of ordinary differ-
ential equations depend on six dimensionless parameters, namely
a Prandtl number Pr Hall parameter m, the magnetic parameter
M, buoyancy parameter /, rational parameter N, and Schmidt
number Sc. A numerical study for the transformed non-linear
ODEs were solved Chebyshev method. The effects of these
physical parameters on the axial velocity F'(5), the cross velocity
profile —G(y), temperature profiles R(#), and the mass profiles
H(n) are illustrated graphically. It is found that the axial velocity
F' decreases with increasing of Hall parameter, and increases with
of magnetic parameter. On the other hand the cross velocity —G
decreases with the increasing of Hall parameter, magnetic para-
meter, buoyancy parameter, rational parameter and Schmidt
number.
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